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This paper is for ANU students only.

Examination Duration: 180 minutes

Reading Time: 0 Minutes

Exam Conditions:
N/A

Materials Permitted In The Exam Venue:
(No electronic aids are permitted e.g. laptops, phones)
No materials permitted

Materials To Be Supplied To Students:
1 x 20 page

Instructions To Students:
— There are 3 exam questions, each counting 20 raw marks.
— Answer all exam questions.
— Provide careful, complete, and self-contained proofs.
— Make reasonable assumptions where necessary.

— Justity all steps that are not obvious.
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Question 1

Consider the model Y; = X!B + ¢;, where E(Xje;) # 0, and X; has dimension K > 1.
You have available a vector Z; of dimension L > K that satisfies E(Z;e;) = 0.

Study the following estimator (which you know from lecture):
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(a) [8 marks] Prove that b is consistent.
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(b) [8 marks] Derive the asymptotic distribution of the estimator b.

(c) [4 marks] Which estimator would you propose if K = L = 1? Use your result in
part (b) to derive a simpler expression for the asymptotic variance.

Question 2

Are the following statements true or false? Provide a complete explanation.
(Note: you will not receive any credit without providing a correct explanation.)

(a) [5 marks]
Statement: For a random variable X, if E(X) < oo, then E(X?) < co.

(b) [5 marks]

Statement: Let ¢ be a real number. Then the sequence §; = 0,(1), for N =
1,2,3,...

(c) [5 marks] You have a random sample Yj,..., Yy and want to estimate E(Y7).
Consider the following two estimators:

N
ji:=argmin }_(Y; — m)?
meR ;=1

Hoi= % (%Yl + %Yz + %Yg + %Yz; +--+ %YN,1 + %YN>
Statement:
Both estimators are unbiased and have the same variance.

(Note: You may assume that N is an even number.)

(d) [5 marks] Let X and Z be two independent standard normally distributed ran-
dom variables and let Y = X? + Z. Consider 1 in Y = Bg + B1X + u, where
E(uX) =0.

Statement: It follows that f; = 0.
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Question 3

Consider the model
Y = u(X,0)+e,

where the variables Y and e are scalars and dim(X) = K x 1 and dim(f) = M x 1
where K is not necessarily equal to M. The symbol y is a placeholder for a function that
is twice continuously differentiable in 6.

The errors e are independently distributed of the X, each with density

_ 1 L5
fle) = 27102 P ( 20%° ) '

(a) [2 marks] Derive the conditional density function fyx (v | x,6,0?).

(b) [2 marks] Derive the score function S(y | x,0,02).

(c) [4 marks] Derive the expected value of the score conditional on X = x, that is,
E(S(Y]X,0,0%) | X=x).

(d) [& marks] Determine the MLE of ¢ as a function of 8ML (the MLE of ).

(e) [4 marks] Derive the Hessian matrix

2 2
oy [Ty, 0,0%) T (yx,6,0%)
H(y | x,6,0%) = 9?In fy|x oy 9%Infyx 2
90209’ (y|x,6,(7) (0?2 (y|X,9,0')

(f) [4 marks] Derive the expected value of the Hessian conditional on X, that is,
E(H(Y|X,6,0%) | X =x).

End of Exam Questions
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